We propose the superconnection formalism to construct the off-shell BRST-VSUSY superalgebra for D=4 BF theories. The method is based on the natural introduction of physical fields as well as auxiliary fields via superconnections and their associated supercurvatures defined on a superspace. We also give a prescription to build the off-shell BRST-VSUSY exact quantum action.
It is known that the BRST transformations in Yang-Mills (YM) theories can be derived systematically from the horizontality conditions imposed on the supercurvature associated with a superconnection defined on a (4,2)-dimensional superspace, the so-called BRST superspace, obtained by extending spacetime with two ordinary anticommuting coordinates [1] . In such BRST superspace formalism, the gauge fields, the ghost and antighost fields are interpreted as the lowest components of the superfield components of the superconnection.
In Ref. [2] , the author developed the BRST superspace formalism in order to perform the quantization of BF theories as a model with reducible gauge symmetry, see e.g. Ref. [3] . The method is based on the possibility to enlarging the space of fields in the quantized theory by auxiliary fields through a supercurvature of a generalized superconnection. The auxiliary fields are required to achieve the offshell nilpotency of the BRST operator. The minimal set of auxiliary fields is given after having imposed constraints on the generalized supercurvature in which the consistency with the Bianchi identities is guaranteed. We note that the same scheme is applied for the simple supergravity where the classical gauge algebra is open [4] .
It is also known that the introduction of auxiliary fields in the quantized BF theories guarantees the off-shell closedness of the superalgebra of the Wess-Zumino type containing besides the BRST symmetry the vector supersymmetry ( VSUSY ) [5] , which was already observed in BF theories [6] . We remark that in the generalized connection formalism as developed in Ref. [5] (see also Ref. [7] ) the VSUSY is only determined after having built the quantum action.
Recently, the off-shell BRST-VSUSY superalgebra of BF theories in dimension two [8] and four [9] is considered in terms of superfields defined on the so-called BRST-VSUSY superspace. In Ref. [9] , the latter is obtained by extending the BRST superspace with four anticommuting coordinates. In this analysis, the off-shell BRST-VSUSY invariant quantum action is obtained via a twisting process from supersymmetric theories.
What is still lacking is the construction, in a natural way, of the BRST-VSUSY superalgebra in terms of a superconnection defined on the BRST-VSUSY superspace. Inspired mainly by the results obtained in Ref. [2] , we would like to define superconnections on the BRST-VSUSY superspace, which allow one to derive ab initio the off-shell BRST-VSUSY superalgebra by using the structure equations and the Bianchi identities. We mention that, contrary to what happens in the BRST superspace [2] , the BRST-VSUSY superspace also leads to the introduction of all auxiliary fields which implement the BRST-VSUSY exactness of the full quantum action. The latter can be obtained from a superaction generalizing that constructed in Ref. [2] .
Let us consider the (4,2+4)-dimensional BRST-VSUSY superspace with local coordinates z
Following the guideline of Ref. [2] we introduce over this superspace an even 1-form superconnection ω and an even 2-form generalized superconnection φ. By acting the exterior covariant superdifferential D on ω and φ, we obtain the supercurvature Ω ( even 2-form ) and the generalized supercurvature Φ ( even 3-form), respectively, satisfying the structure equations
and the Bianchi identities
where d is the exterior superdifferential and [, ] the graded Lie bracket. The local expressions of the superconnections and supercurvatures can be written as
We recall that the components of the superconnections and supercurvatures are gauge Lie algebra valued superfields. The superfields components of the supercurvatures are determined by the structure equations. We have
Similarly, the Bianchi identities (3) and (4) become
To translate the above equations into equations determining the offshell BRST-VSUSY superalgebra of D=4 BF theories, we should interpret the fields occuring in such theories geometrically. We note that the physical fields and the auxiliary fields are introduced through the superconnections and the supercurvatures, respectively. The auxiliary fields are required for the construction of the off-shell structure of the theory. To this end, we will be only interested to the superfields ω M and φ MN which give the physical fields as constructed in Ref. [2] , i.e. we can put
At this point, we remark that the lowest components ω µ |, However, in order to find the off-shell BRST-VSUSY superalgebra, we note that the BRST operator is related as usual to the partial derivative ∂ 1 , whereas the VSUSY operator can be related to the differential operator D θ µ = ∂ ′ µ + θ∂ µ . So, we realize the following identification
where Q and Q µ are interpreted as the BRST and VSUSY operator for D=4 BF theories, respectively. The next step is to search for constraints to the supercurvatures in which the consistency with the Bianchi identities is ensured. This requirement guarantees then the off-shell closedness of the BRST-VSUSY superalgebra thanks to the structure equations and the Bianchi identities. First, we note that the BRST transformations are obtained by imposing as usual the following constraints
It is easy to see through an analysis of the Bianchi identities (16) and (20) that the constraints (27) fulfill the consistency with these equations. However, it is worth noting that the remaining supercurvature components Φ µν1 , Φ µ11 , Φ 111 permit us to introduce auxiliary fields defined by
which are required for the construction of the off-shell nilpotent BRST transformations (see Ref. [2] ). The superfields Φ µν1 , Φ µ11 , Φ 111 can be expanded in power series of θ µ as follows
where the set of auxiliary fields
µνρσ , which is obtained by evaluating the superfields components in the development (29) at θ α = 0, are needed for the construction of the off-shell structure of D=4 BF theories.
Obviously, from (10), (11), (13), (14) and (15) and in view of (25), it follows that
which satisfy automatically the consistency of the Bianchi identities (18), (19), (22), (23) and (24).
Moreover, through an analysis of the Bianchi identity (17), we deduce the following solutions
These permit us to introduce an auxiliary field given by
which is required for the construction of off-shell BRST-VSUSY transformations. The superfield Ω ′ µν can be expanded in power series of θ µ as follows
The set of auxiliary fields H −1
σρµν , which is obtained by evaluating the superfields components in the development (35) at θ α = 0, is also needed for the construction of the off-shell structure of D=4 BF theories.
Turning now to the situation of the superfields Φ ′ µMN , a similar analysis of the Bianchi identity (21) leads to the following solutions
Again, the remaining superfields Φ ′ µνρ and Φ ′ µν2 as given in (32) ensure automatically the consistency of the Bianchi identities and in order to find exactly the off-shell BRST-VSUSY transformations, we can choose
where ε µνρσ is the antisymmetric Levi-civita tensor and η µν is the flat Minkowskian metric in 4-dimensions.
Then, from the Bianchi identity (21) we deduce that
µν , B 
In the end, by inserting (27) , (29) , (30) , (33) , (35) , (36) and (37) in the structure equations and the Bianchi identities, and by using the identification (26), we deduce the off-shell BRST-VSUSY transformations as given in Ref. [5] .
Finally, in order to arrive at the off-shell BRST-VSUSY quantum action of D=4 BF theories, let us recall that the gauge fixing action of D=4 BF theories in the BRST superspace formalism, is constructed from a gauge fixing superaction given by [2] 
In the BRST-VSUSY superspace formalism, (39) can be written, up to a total divegence, as
Furthermore, in order to find the classical action, we define the extented classical superaction as follows
It is easy to see that the full quantum action S q defined by
is BRST-VSUSY exact. It can be also written in the BRST exact form leading to the same quantum action with the Landau gauge obtained in the context of the generalized connection formalism [5] .
In conclusion, working with the same spirit as in Ref. [2] , we have performed the quantization of D=4 BF theories by using the superconnection formalism. In this analysis, the A 0 µ and B 0 µν systems of fields are described as usual through even superconnections over a BRST-VSUSY superspace. Using the exterior covariant superdifferential on the superconnections gives even supercurvatures, which lead to the determination of the off-shell BRST-VSUSY transformations. The off-shell closedness is realized by introducing through the supercurvatures two minimal sets of auxiliary fields required for the consistency of the BRST-VSUSY superspace geometry. Finally, in order to find the full quantum action, we have built the superaction generalizing that in Ref. [2] . This results in the construction of the off-shell BRST-VSUSY exact quantum action of D=4 BF theories.
